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1. Let X be a normed linear space.
(a) Find all subspaces of X which are contained in some ball B,(x) of X.
(b) Find all subspaces of X which contains some ball B(y) of X.
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2. Prove that a normed linear space X is Banach if and only if every absolutely

convergent series in X is convergent. [13]
3. State and prove Riesz lemma. [10]
4. State and prove Open Mapping Theorem. [15]

5. Let X = C0,1] be the space of continuously differentiable functions on
0,1] and Y = C[0,1]. The norm on X and Y is the sup norm. Consider
the map T : X — Y defined by

Tft)=f'(t), telo1].
Show that the graph of T is closed but T is not bounded. Does this contra-
dict the closed graph theorem? [13]

6. Show that every separable infinite-dimensional Hilbert space is isomorphic

to 12 [15]

7. Let (c,) be a sequence of complex numbers. Define an operator D on [? by
Dz = (c1201, Caa, .. .), Vo = (z1,22,...) € 1%

Prove that D is compact if and only if lim ¢, = 0. [10]
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8. Let X be a Banach space, and S,T € B(X). Show that if T is compact,
the spectrum of S and S + T are same except for eigenvalues. [12]

9. Let 7. and 7, denote the norm and the weak topologies on a normed linear
space X, respectively. If X is infinite dimensional, show that 7, # 7. [15]

kR kR okokokok ok



